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AB3TRACT. This paper contains an application of characteris-
tic classes of some Pradines-type groupoids over foliations,
constructed by the author in [5]. Using these characteristic
classes, we obtain a generalization of the Bott Vanishing Theo-
rem to a flag {%,5’} of foliations F and ¥’ The classical Bott
Theorem follows from the above generalization if we put T ={vl.
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F d ;
1. Pradines-=type groupoids $° and their Lie algebroids. The-

re is a well-known definition of a Lie groupoid (see [81) as a

transitive groupoid

P=(3,,8,V,°)
in which & and V are Hausdorff ¢ -manifolds, the mappings
d,B:é——oV’(called a source and a target) are submersions, and

~1,§ o> ®, u:V —>3 and +:34$ —»$ — defined by the formulae:

This paper is in final form and no version of it will be sub-

mitted for publication elsewhere.
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'1, u(x)= u, (uX - the unit over x), «(g,h)=geh (3% =

“l(h)=n
={(gyh)e $xP;ag= Bh} is a proper submanifold of 2%®) — are of
C“iclass.

Any vector bundle F over V determines the Lie groupoid

GL(F)= (GL(F),«,B,V,.)

of all linear isomorphisms between fibres of F in which «,B and
* are defined by o(h)=x and B(h)=y iff h:F . S F\y» and
g*h= geh if a(g)=8(h).

Let @ be any Lie groupoid over a manifold V and § - any fo-
liation of V., Take a subgroupoid

$7= (8%, .5,8%,V, )

consisting of all elements of $ such that the source and the
target lie on the same leaf of ¥. More precisely, §° = (2,B)7 '
where RCVxV is the equivalence relation givew by XRy iff yeL .
(L - the leaf of ¥ through x), If F= v}, then &% =3. In general
§$ is not a submanifold of $ . Denote by C the set of all real-
-valued functions defined on §>3: which can be locally extended to
c ~functions on ¢ (i.e. C= C (@)Q;, see [91)s. C is a different-

ial structure on § and the pair (P yC) (further denoted brief-

ly by $7) is a differential Space in the sense of R. Sikorski

(see [91). All operations in the groupoid 3F are smooth in the
category of differential spaces.

Because of the submersivity of 0:3 «s V, the set 0(-1(x), xevV,
forms a proper Cm-submanifold of  denoted by §x° §x constitu-
tes a principal fibre bundle (for brevity P.f.b.) over V with
the—projection B '§ —>V, h = Bh, the isotropy Lie group G =
=B (x) as the structural Lie group, and the action

I?xx(}x —> ., (h,a) ~=>h-a,
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For the leaf Lx of ?through X, on the set

F,_p -1
§x. Bx [LX]

there exists exactly one ¢ -manifold structure such that if U is

1

open in L and L is a proper submanifold of V, then Bx- (U1

x1U
is open in ?s and 3 IB [U] is a proper submanifold of éx' of
course, §>i is an 1mmerse submanifold of i’ and BX é}i -—>LX,

h = Bh, is a submersion. Besides, §x forms a p.f.b. over I'x ana-
logously. For each he§5, the mapping thg-’gh _’E):h' g > geh, is
a diffeomorphism,
With the groupoid §3: we‘associate a vector bundle
(ACE),p, V)
where A(§5)= UerTu § CT®and p(v)=x iff veT X§X, xeV. More-

over,
~$ :; ¢
By:A(®) —> TF, v > Byv,

is an epimorphism. Therefore, it is not difficult to see thatfy

is a Pradines-type groupoid over the foliation ¥ (see [4], [51).

A smooth vector field X on the differential space 3% (see
[9]) is called right-invariant if
F &
(a) XheThédh y he®”,
s = -

Each right-invariant vector field X on §} determines a Ccc-sec-

tion X :V —> A3, x r-—)X(ux), of p. Conversely (see [51),

PROPOSITION 1. For any C —section f:V —» A(¥) of p, there e-

xists exactly one right-invariant vector field §’ on & such
that §/(ux)F§(x), x¢V. The bracket @§,70:=[%%7']  defines in
the vector space Sec A(‘ff) of all C -sections of p a real Lie al-

gebra structure,
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"PROPOSITION 2, The system
A(3%)= (M(F), [.,1,8)
is a Lie algebroid (in the sense of J.Pradines 61, [71).

With the Lie algebroid §&( é’) we associate a short sequence of
vector bundles over V o
0 — g LJ—*A(és) —L»Ti — 0
where ¥ denotes, for brevity, the mapping Ef, and o := KerY ., Of
course, ¢ is independent of the choice of ¥, Each fibre 9% xeV,
is a Lie algebra with respect to the bracket [v,wl := [§,73(x)
where t,7¢Sec A($%) are such that E(x)=v, (%)= w. Moreover,

9ix is the Lie algebra of the isotropy Lie group Gx

If$ = GL(F), then ¢ is canonically isomorphic to Hom(F;F).

2. CONNECTIONS 1IN &}(EEE;). By a connection inﬁ(éy) (see [5])

we mean any mapping
A:TF > A(F)
such that YeA= idT‘}'

PROPOSITION 3. Cormections in #(3) are in one-to-one corres-

pondence with partial connections in the Pefebe E[> proaectable

onto TF (for definition of a partlal connection see [31),
2roof. A connection A determines a partial connection H™

§ by the formula H :=Im( (D ) c’llBh)‘ The correspondence

2 URh

A = 1" is the sought-for bijection. q.€.d.

I'or a connection A inﬂ(é;), the uniquely determined morphism

wiA($¥) > P

fulfilling wlg= id and w!Iml= 0 is called a connection form of

A
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; -
Let F be any vector bundle over V. by a C -form of degree q

on T¥with values in F we shall mean each Coo-section of the

bundle
A5 ®F.
- The set B )

L) (DF;F)
of all such forms is a graded module over Cm(V). Moreover, it
has a structure of a module over the algebra

£, (TF;R)
of all real-valued C =forms on T%.

By a curvature base-form (or a curvature tensor) of a conne-

ction A we shall mean the form
2
defined by the formula .Q.B(X,Y)- -w( DX, Y1), X,YeSec TF,

PROPOSITION 4. MeX,»Yl= Ao [X,Y] - S)B(X,Y).

3tne Chern-Weil homomorphism for. 3%, The groupoid 37 acts

on the bundle g by the ad’oint representation AdY defined by

Ad¥(h) = (Th)*ux:glx —’f»g'y, ned¥,

where ’t'h:GX —_— Gy, ar—» hah-1, x=dh, y=Bh,

Let \k/gf be the k-symmetric power of ¢*. Denote by (ad¥)
the action of ¥ on \17(3* induced by Ad¥. A section
FGSecQ%g*
is called Ad’-invariant if (4d%)Y(n)([,)=/%, for each ned®,

k
The set of all At’-_i_nvaria.nt sections of the bundle \ég'x is de-

noted by
k ¥
(Sec \/ﬁ*)l.
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Cf course, EBk( Sec“\]yodr*)?; forms an algebra.

If =1V}, then the letter ¥ in the symbols Ad¥, (Ad¥)” and
(Sec \k/g*); will be omitted.

We have (Sec\k/g*.)IC(Sec\k/g*)ig.

- k
PROPOSITION 5, Each AdS:-invariant section of \/%(" is equal to

> i co . 3 .
£ /1 for some C -functions f~ constant along the leaves of F
5 ;

énd for some Ad-invariant sections Fi.

PROPOSITION 6. The algebra @k(Se.c\k/g*)I of all Ad-invariant
sections is canonically isomorphic to the algebra ('\/g”: )I of
all invariant polynomials on %x with respect to the adjoint re-
presentation of Gx on %lx’ xeV, This isomorphism is built with

the help of the family of isomorphisms Ad(h), heéx.

Let A :T¥ —s A(3¥) be any connection in#(3$%*) and
QBE.Q,z( T¥;¢) - its curvature base-form. We define the following

homomorphism of algebras
T$ k K * F
Mesec Vet
where !'€Sec \/ﬁ is treated as a symmetric k-linear homomorphism
k
ax...)&g —> R via the isomorphism \/ﬁ %‘Lg(g sR),
, 1 .
t1VQ . t\/tk — ((V1 9000 ,Vk) — I'{—!'% t61(1)(v1) LI 'ts,(k)(vk))
and /] (Qups +++25)6QK(T5;R)  is defined by the formula
,‘_-I: (QBr e ’QB)(X5V1 yocoe 9V2k)
1 ~—
= EE% sgne /;{(QB(X,'VS,“) 1 Vgp) oo ,QB(x;vo,(Zi‘-”,vﬂm)).
Now, we define @ differential-operator

a™¥:0(13;8) —> 0Q(15;R)

by (for a form ® of degree q)
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‘ g .
1T:F < A’ ) = J /v\
.o.,.‘ = “1 .( y & 29 v e ey
SRCCSIRE VR wCLPE S C NRTIVE SRR 0
— i . /N A
+2_(-1) J@( [Xi’XjJ’..',Xi’...’xj’...).

i<j
Let H(T¥;R) be the cohomology algebra of the complex
— (Q(r%R),a ), -
We have the following two theorems which are particular ca-
ses of general thecrems on the theory of cohomology of Pradines-

-type groupoids over foliations (see [6]1).
THEOREM 1. 4T oY ¥=o0,

This theorem allows us to define the following homomorphism

of algebras
k NN : S ¥
hys : @ (see V)] —> H(TH;R), [ —s Y (M1,
THEOREM 2, h§$ is independent of the choice of connection,

DEFINITION, We shall call the homomorphism h the Chern-

§5
-Weil homomorphism:ﬁnr§$, Its image Dnh§y is called the

Pontryagin algebra for 8% and denoted by

Pont(§?)o

EMARK., If $={V}, then the superposition
* A k k y
(Ve)x )15 @ (sec o)y —> H(TV4R) = H (V)

is the classical Chern-Weil homomorphism for the p.f.b,‘?x.

4. A generalization of the Bott Vanishing Theorem. As an ap-

plication of the characteristic classes described above we give

THEOREM 3.( A generalization of the Bott Vamishing Theorem)
Let {¥,%'} be a flag of foliations F and ¥ on V. If
%= T¥DF

then Pontk(GL(F)})= O for k) 2erank F,
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Proof. A connection A in GI.(F)? defines (seel51) an operator
(1) 7’isec F—s O 1(19;7)
by the formula
A ~
(2) V 6= Av)(6,), ve(1¥), , €€ secF,
where ?::EQGL(F) tGI(F), = F _ and 8 :GL(F) —» F, h»Hi(s‘B}Q

7 is linear and fulfils the conditions (a) l7 fo
(b) fo6= X(£)s+ fl7 6 where XeSec TF,6cSec F, fcC (V)
Any linear operator (1) such that (a) and (b) hold is called

a covariant derivative in (F,¥) (or, after [31, a partial con-

nection in F with respect to ¥).

LEMMA 1. The correspondence A +—> |7)' establishes a bijec-

tion between connections in #( GL(F)EF) and covariant derivatives

in (F, %),

Proof of lemma_l 1. It is sufficient to show that

(1) for ve(T¥, , xeV, a vector AveA(GL(F)‘;)Ix satisfying
T(Av)=v is, by (2), uniquely de{:ermined,

(ii) the mapping A:T¥ —> A(GL(F)7), v b=»Av, is of the C™
-class,

(i) and (ii) easily follew from local calculations,

By a curvature tensor of a covariant derivative [ in (F,§)

we mean a tensor
| Re DX TS"Hom(F-F))
defined by the formula RX 175 V V

Vix, v° for
X,YeSec T¥, 6eSecF,

LEMMA 2+ The curvature tensor R of V” is equal to the curva-
ture base-form.Q.B of A,

Proof of lemma 2. By proposition 4, we have
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¢5= AXCQAYI(E)™) = AXC(AX)E )") = (A X, Y1 )(F )
= (IAX,AYD=A IX, Y1)(8) = -0p(X,Y)(&)= Qp(X, Y)(6),

Continuing the proof of theorem 3, we construct (analogously
to Bott [1]) a covariant derivative in (F,¥) whose curvature
tensor R has the property RX,Y' O for all X,YeSecT¥ , For the
purpose, take any covariant derivative J in (F,¥). For XeSec I%=
=Sec T¥'PSecF, write X=X_, + Xp where X¢ € Sec T%' and XFGSe,c F.

Then define VX6'=91 [X¢ ,6) +7X 6 for XeSecT¥, 6eSec F, where
F

M:TF'@DF — F is the projection onto the second factor. It is
not difficult to see that this formula defines a covariant deri-
vative in (F,¥) which fulfils therequirement condition. By lemma
1, there exists a connection A in&(GI(F)¥) such that P*=[. By
lemma 2, the curvature base-form ‘Q'B of A has the property
Q,B(X,Y)= 0 for all X,YeSecT¥ .

Using the decomposition (TQ’).X- (T‘J—")lx@F'x, we see that
Y¥(M)=0 for e(Sec \k/g)i such that k)rankF, Qeeeds

REMARK. Let @ = GL(F) and let F be as in theorem 3, By remark
33 from [5], we have that the Chern-Weil homomorphisms h§ » bgs
of p.f.b.’s & and § » respectively, and hgs of the Pradines-ty-
pe groupoid $¥ are connected by the commuting diagram

K *, ha ok
V(g = HER(V)

K ¥ he¥ oK

(Sec\/a)I —> H°(T¥;R)

k¥ %y NgF 2k
>V (g™ 5> Hgp(Ly)

For kdrankF, the bottom row is zero by the classical Bott

id

Vanishing Theorem applied to the foliation ¥'I1L, of I_, xeV,
x A

which - of course - also follows from the vanishing of the mid-

dle rowe o
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